Abstract. Discrete kinetic shear Alfvén modes driven by ion temperature gradient (AITG) are investigated in the full gyrokinetic limit. It is shown that AITG instability may occur when the plasma pressure gradient is well below the threshold value for ideal MHD ballooning instabilities and that the critical magnetic shear required to completely stabilize the former is significantly higher than that for the latter. In addition, finite-β (=plasma pressure/magnetic pressure) effects on toroidal electrostatic ion temperature gradient (ITG) modes are studied, and the coexistence of AITG and ITG in a certain parameter regime is demonstrated. The effects of AITG instabilities on plasma confinement are discussed.
Introduction
Experimental observation of large energetic ion loss due to shear Alfvén waves (SAWs) with frequencies lower than that of the toroidal Alfvén eigenmode (TAE) [1] indicates the possible importance of SAW in tokamak confinement [2] . Therefore, interest in the issue of whether SAWs can be destabilized by plasma pressure gradient in the ideal MHD stable domain is growing. In particular, the existence of discrete modes in an unstable shear Alfvén continuous spectrum has become one of the important subjects in this area.
In a tokamak plasma, SAWs are generally characterized by a continuous spectrum with gaps due to poloidal symmetry breaking [3] . For low frequencies, |ω| |ω A | = v A /qR 0 , it has been shown that the SAW continuum can become unstable due to finite ion temperature gradient [4] . Here, v A is the Alfvén speed, and q and R 0 are the safety factor and the major radius of the flux surface, respectively. Recently, it has been shown, with the multiple scale asymptotic technique, that discrete modes may exist in an unstable shear Alfvén continuous spectrum, due to finite ion Larmor radius (FLR) and finite drift-orbit width (FOW) effects, in tokamak plasmas which are stable with respect to ideal MHD instabilities [5] . These modes are driven by the ion temperature gradient (ITG) and are, thus, called Alfvénic ion temperature gradient (AITG) modes. It is also emphasized in Ref. [5] that AITG modes are unstable only when the ion temperature gradient is high enough and the plasma is sufficiently close to the ideal MHD stability margin, due to the assumptions of finite but small ion Larmor radius and orbit width employed in the analytical theory.
AITG instabilities appear due to the effects of ion compressibility on the SAWs [6] . These modes can also be understood as the result of the coupling between kinetic ballooning modes (KBMs) [7] and beta induced Alfvén eigenmodes (BAEs) [8, 9] . In addition, they may have significant impact on plasma confinement when enhanced by an energetic particle population [10] . Therefore, the characteristics of the modes need to be studied in detail with full kinetic treatment for ions.
The integral gyrokinetic eigenmode equations [11, 12] for the study of electrostatic drift-like modes in toroidal plasmas have been extended to include finite-β (i.e. transverse magnetic perturbation) effects in this article. A set of coupled integral equations for the parallel component of the perturbed vector potentialÃ and the perturbed scalar potentialφ is obtained. AITG instabilities and the finite-β effects on electrostatic ITG modes are studied numerically in detail with these equations. The possible influence of the modes on the confinement of tokamak plasmas is discussed.
The remainder of this article is organized as follows. The coupled integral eigenmode equations, with a brief derivation, are presented in Section 2. The numerical results for AITG and electrostatic ITG with finite-β effects are described in Section 3. Section 4 is devoted to the conclusions of this work. A possible correlation of these results with tokamak plasma energy and particle confinement is also discussed in this section.
Integral eigenmode equations
The coupled integral equations, with a brief derivation, will be presented in this section. The gyrokinetic description is employed for ions. The ballooning representation is used so that the linear mode coupling due to the toroidal magnetic configuration is taken into account. The curvature and magnetic gradient effects
2 , θ) of ions are included. The full ion transit k v and finite Larmor radius effects are retained, while ion magnetic trapping is neglected. The electron response is, under the ordering ω << |k v et |, calculated to first order, i.e. the electrons are assumed to be massless. Electron magnetic trapping is also neglected. The s-α equilibrium model with circular flux surfaces is employed [13] .
Suppressing the compressional Alfvén waves, the dynamics of low frequency electromagnetic perturbation in inhomogeneous low-β plasmas is described by the quasi-neutrality conditioñ n e =ñ i (1) and the parallel component of Ampère's law
Here, the perturbed particle densityñ s is given bỹ
while the parallel components of perturbed current density from electrons and ions are given bỹ
with
The non-adiabatic response h s is determined by solving the gyrokinetic equation in ballooning space,
where
J 0 is the Bessel function of zeroth order and 
where ζ and θ are the toroidal and extended poloidal angles, respectively, has been used in deriving Eq. (6) and the usual s-α equilibrium model with circular flux surfaces has been employed. Equation (6) can be easily integrated with the boundary condition h s (θ) = 0 as θ → −sgn(v )∞. The perturbed particle and current densities are obtained from Eqs (3) and (4) as follows:
Substituting Eqs (8)- (11) into the quasineutrality condition, Eq. (1), and the parallel component of Ampère's law, Eq. (2), we can straightforwardly derive the following two coupled integral eigenmode equations:
whereφ(k) andÂ (k) are the extended Fourier components (in ballooning space) ofφ(r) and (v ti /c)Ã (r), and
The quantities k, k and k θ are normalized to ρ
x is normalized to ρ s and I j (j = 0, 1) is the modified Bessel function of order j. In addition, all the symbols have their usual meanings, such as L n and L pi are the density and ion pressure gradient scale lengths, respectively; L T 's are the temperature scale lengths, q is the safety factor,ŝ = rdq/qdr is the magnetic shear and ω * e = ck θ T e /eBL n is the electron diamagnetic drift frequency. The m's and T 's are the masses and temperatures, respectively.
The pressure gradient parameter α is not independent and can be expressed with the other parameters as
for T e (r) = τ i T i (r).
Numerical results
The coupled integral equations, Eqs (12) and (13), have to be solved numerically. The numerical codes for the study of toroidal electrostatic [11] and sheared slab electromagnetic ITG modes [12] have been extended to investigate low-β electromagnetic eigenmodes in a torus. The detailed schemes for solving such equations are well documented in Refs [11, 12] and will not be repeated here. Only a brief outline will be given instead.
In solving the eigenvalue problem of Eqs (12) and (13), we have used the Rayleigh-Ritz method [14] . For an eigenvalue problem
where K is a linear symmetric operator, λ is an eigenvalue and f is the corresponding eigenfunction, a functional can be constructed:
Suppose that f satisfies Eq. (22) for some λ, if we set u = f + , then
It is obvious from Eq. (24) that the accuracy for the eigenvalue is 2 for an error in the eigenfunction. An approximate solution of Eqs (12) and (13) can be written as an expansion in terms of known functions,
and
Substituting into Eqs (12) and (13), multiplying the resulting equations with χ i (k) and integrating over k, we obtain a set of linear algebric equations,
The eigenvalueω (the frequency and growth rate of the mode) is determined by
In practice, two kinds of basic functions are chosen.
In the small-k region, narrow rectangular functions are chosen. In the large-k region, wide rectangular functions
are chosen, where h is the grid size in k space. The results of growth rate and real frequency are normalized to ion diamagnetic drift frequency ω pi = ck θ T e /eBL pi , and the minus sign of the real frequencies, representing the fact that the modes rotate in the ion direction, is neglected. The parameters areŝ = 1, q = 1.5, τ i = 1 and η e = η i , unless otherwise stated.
Shown in Fig. 1 are the eigenvalues of the AITG (solid curves) and ITG (dotted arc) modes in the complex plane (ω r , iγ) for β i changing from 0.4 to 1.4% and from 0 to 0.6%, respectively. The other parameters are k θ ρ s = 0.3, η i = 2.5 (the curve without symbols and the dotted arc), 1.0 (the curve with diamonds) and 0.5 (the curve with crosses) for fixed pi = 0.0571. For ITG modes, the growth rate decreases and the real frequency does not change when β i increases from 0 to 0.6%. For AITG modes, however, the growth rate increases and the real frequency decreases significantly when β i increases from 0.4 to 1.4%. This suggests that ITG modes, driven by ion curvature and magnetic gradient drifts, and by the pressure gradient of ions, are essentially an electrostatic instability. Coupling with electromagnetic shear Alfvén waves (finite-β effects) stabilizes ITG modes. On the other hand, AITG modes are due to the effects of ion compressibility on shear Alfvén waves that are essentially electromagnetic waves. Therefore, AITG instability can be regarded as the low-β extension of the kinetic Alfvén ballooning modes and, hence, finite-β effects are important. It is thus clear that AITG and ITG modes are not different eigenstates of the same instability branch.
Typical eigenmode structures for AITG ((a) and (b)) and ITG ((c) and (d)) modes are given in In comparison, the real part of theφ(θ) of AITG has a longer tail, while it is wider in the small θ region and has a shorter tail for ITG mode. In addition, the relative amplitude ofÂ of the AITG mode is higher than that of the ITG mode with respect to the amplitudes ofφ. This is not surprising since the ITG modes are essentially electrostatic while the AITG modes are electromagnetic. This feature is more clearly demonstrated when we introducê The AITG mode growth rate (a) and real frequency (b), normalized to ion diamagnetic drift frequency ω pi = ck θ T e /eBL pi , as a function of α are presented in Fig. 3 . The solid curves are for AITG modes with pi = 0.0571 fixed, while the dotted curves are for ITG modes with n = 0.2, η i = 2.5. The other parameters areŝ = 1, q = 1.5, η e = η i , τ i = 1 and k θ = 0.15. The solid curves without symbols and the dotted curves are for η i = 2.5, while the curves with diamonds and crosses are for η i = 1.0 and 0.5, respectively. The actual parameter traced in the simulation is β i and the corresponding α is then calculated with Eq. (21). It seems from Fig. 3(a) that the AITG modes are driven by plasma pressure while the ITG modes are stabilized by it. However, our calculation also shows that, in general, a finite ion temperature gradient is necessary for the AITG modes to be unstable and we will come back to this point later. Both the AITG and ITG modes may occur for 0.3 . α . 0.4, corresponding to 0.4% . β i . 0.5%. The growth rates of the AITG modes are much higher than those of the ITG modes. The AITG and ITG modes all rotate in the ion direction (Fig. 3(b) ), and the real frequencies of AITG modes are more than 1 order of magnitude higher than those of ITG modes in the parameter domain in which they coexist. The real requency of AITG modes decreases significantly when plasma β increases. This can be understood since, as β(α) increases, the AITG mode behaves like a kinetic ballooning mode. Figs 4 and 5 are the same quantities as those in Fig. 3 but for k θ ρ s = 0.3 and 1.0, respectively. It is clearly demonstrated with these figures that finite ion Larmor radius effects do not change the features mentioned above significantly except that both the normalized growth rate and the real frequency decrease with k θ ρ s . The solid curve in Fig. 5(a) illustrates the trend that the AITG growth rate may decrease when the plasma pressure gradient increases further. This may lead to the existence of a second stable regime, as for the ideal MHD ballooning mode. An ideal MHD study with the s-α equilibrium model shows that the ballooning modes are stable for α . 0.5 whenŝ = 1, and α . 0.8 whenŝ = 1.5, respectively [14] . In contrast, the results in Fig. 3(a) show that AITG modes are unstable with noticeable growth rate for α ∼ 0.5 andŝ = 1. The results in Fig. 8(a) also show that the AITG modes are unstable with a growth rate γ/ω pi ∼ 0.2 for α = 0.8, k θ = 0.6 whenŝ = 1.8.
Shown in
Shown in Fig. 6 are the AITG mode growth rate (a) and real frequency (b) as a function of η i for β i = 0.4% (curves with crosses), 0.5% (curves with squares) and 1% (curves without symbols). The other parameters are n =0.1714 and k θ ρ s =0.3. The driving effects of η i on the modes are clearly demonstrated. Such effects are enhanced by plasma β, indicating the electromagnetic nature of the modes. Moreover, we did not find an unstable mode for η i = 0 in this parameter regime. It seems that a finite η i is a necessary condition for the mode to be unstable. The real frequency of the mode increases with η i slightly. This is in contrast to the ITG mode whose real frequency increases with η i noticeably.
The AITG mode growth rate (a) and real frequency (b) as a function of k θ ρ s for α = 1.18 (curves without symbols), 0.786 (curves with diamonds) and 0.394 (curves with crosses) are given in Fig. 7 . The other parameters are η i = 1, n = 0.114. The mode thus has a fairly wide unstable wavelength spectrum. The real frequency of the mode increases with For α = 1.18 and 0.786, ideal MHD ballooning modes are unstable forŝ = 1 and, therefore, the modes shown here are not as important as for the case of α = 0.394, where the MHD modes are stable. Nevertheless, the results in Fig. 7(a) clearly illustrate that the AITG modes are unstable with fairly high growth rate and broad wavelength spectrum in ideal MHD stable plasmas. with high plasma pressure gradients. The effects of a negative magnetic shear on the mode have not been studied. The real frequency of the mode increases with magnetic shear, which is similar to the case of the ITG modes.
Conclusions and discussion
We have carried out a detailed numerical investigation on the AITG modes in toroidal plasmas. It is found that such modes are unstable when the plasma pressure gradient is well below the threshold value for ideal MHD ballooning instability to be unstable, and that the critical magnetic shear required to completely stabilize the former is significantly higher than that for the latter. In addition, finite-β effects on toroidal ITG modes are studied, and the coexistence of AITG and ITG in a certain parameter regime is demonstrated. AITG and ITG modes are expected to affect ion thermal confinement, since they are both driven by thermal ion temperature gradients. In addition, AITG modes also produce magnetic fluctuations and thus may significantly affect electron confinement on magnetic flux surfaces. Furthermore, AITG modes are enhanced but ITG modes are suppressed when β i increases. As a result, AITG instability may have considerable implications for the confinement of energetic and thermal particles in finite-β tokamak plasmas.
Similar branches of solutions studied in this work were obtained by Cheng [15] . Physically, η i has never been found to have stabilizing effects on the AITG modes studied here, while it has on the branch I in Ref. [15] . In addition, the real frequencies of branch I are always lower than those of branch II, corresponding to ITG here, while the real frequencies of the AITG modes are much higher than those of ITG. From the mathematical point of view, the present work is more exact since the approximations such as Ω di = ω Di /ω * e 2( n /τ i )(2v 2 )[cos θ +ŝθ sin θ] and ω ti = qR 0 /v ti ω used in Ref. [15] are not employed here. Self-consistently, the resonance condition (ω ∼ ω Di ) would then imply ω Di ω ti or k ⊥ ρ i 1; which should render the instability relatively weak due to finite Larmor radius effects. In addition, the s-α equilibrium model employed in present work and Ref. [13] is not used in Ref. [15] . Detailed comparison of the present work with Ref. [15] is beyond the scope of this study and may be performed in future.
Analytic analysis of the AITG modes has been carried out [16] . Detailed comparison between the analytic and numerical results will be published elsewhere in the near future.
